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Abstract 

In this paper we study the local behavior of a solution to the Lame 
system with Lipschitz coefficients in dimension n > 2. Our main result 
is the bound on the vanishing order of a nontrivial solution, which im- 
mediately implies the strong unique continuation property. This paper 
solves the open problem of the strong uniqueness continuation prop- 
erty for the Lame system with Lipschitz coefficients in any dimension. 



1 Introduction 

Assume that Q is a connected open set containing in MJ 1 for n > 2. Let 
X(x) and n(x) be Lame coefficients in C 0,l (Q) satisfying 



fi(x) >S >0, X(x) + 2fi(x) > S > ViGfi, 
IIMz)llc°.i(n) + ||A(aO||co,i (n) < M . 
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The isotropic elasticity, which represents the displacement equation of equi- 
librium, is given by 



div(/z(Vw + (Vit)*)) + V(Adivw) = in fl, 



(1.2) 



where u = (u\, U2, ■ ■ ■ , u n Y is the displacement vector and (Vu)j& = dkUj for 
j,k = l,2,--- ,n. 

Results on the weak unique continuation for the Lame system in MJ 1 , n > 
2, have been proved by Dehman and Robbiano for X(x),/i(x) G C°°(fi) [3], 
Ang, Ikehata, Trong and Yamamoto for A G C 2 (Q),fi(x) G C 3 (Q) [2J, Week 
for \{x),/i{x) G C 2 (tt) [17J, and Eller for \(x),fi(x) G C 1 ^) [6J. As for 
the SUCP, it was proven by Alessandrini and Morassi [1] in the case of 
X(x),fi(x) G C 1 ' 1 (fi) and n > 2. Their proofs were based on ideas developed 
by Garofalo and Lin [J], [5]. When Lame coefficients are Lipschitz, i.e., 
A,/i G C 0,1 (f2), the SUCP was established by the first and third authors in 
[TT] for n = 2. Later, the result of [TT] was improved to /x G C 0,1 (fi) and 
A being measurable by Escauriaza [7j. In this work, we completely resolve 
the SUCP problem for (jl.2p when A,/i G C 0,1 (f2) and n > 2. It is important 
to remark that in the three or higher dimensions, the Lipschitz regularity 
assumption on the principal coefficients of the second order elliptic equation 
is the minimal requirement for the unique continuation property to hold 
|15j . Not only do we solve the SUCP for the Lame system with the minimal 
regularity assumption, we also derive a quantitative form of the SUCP. 

The ideas of our proof originate from our series papers on proving quan- 
titative uniqueness for elliptic equations or systems by the method of Carle- 
man estimates [T2] , [T3] . and [TJ]. In particular, the idea used in [T3] plays 
a key role in our arguments here. Specifically, let us write (11.21) into a non- 
divergence form: 

fiAu + (A + /i)Vdivw + VA divw + (Vtt + (Vw)*)V/x = 0. (1.3) 

Letting p = divu, taking divergence on (11.31) . and using (11.31) for Am, yields 

(A + 2fi) Ap + (VA - /i^AV/i) • Vp - (/i _1 V/i ■ VA)divw 
-/i^V/i ■ ((Vm) + (Vw)*)V« + divfvA divu + (Vu + (Vu)')V/i) 



From (ll.3p and (jl.4p . we then obtain a system of equations with the Laplacian 



0. 



(1.4) 
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as the principal part, namely, 



Au + P 1 (x,d)p + P 2 (x,d)u = 0, 
Ap + Qi(x, d)p + Q2{x, d)u + divG(x, u) = 0, 

where Pj(x,d),Qj(x,d), j = 1,2, are first order differential operators with 
at least essentially bounded coefficients and 

G{x, u) = (A + 2/i)- 1 (VA divu + (Vw + (Vm)*) V// 

Note that system (ll.5p is not decoupled. 

To study the unique continuation problem for (II .2p . it suffices to consider 
that for (11. 5p with p = divu. To tackle this problem, we rely on suitable 
Carleman estimates. An important step is to handle the second equation of 
(11.51) . The trick is to use a Carleman estimate with the divergence operator 
on the right hand side (see Lemma [2.41) . This idea was first introduced in 
[H] and later used in [TB| and In order to derive an upper bound on the 
vanishing order of a nontrivial solution to (II. 2p . it is also important to derive 
optimal three-ball inequalities. 

We now state main results of the paper. Their proofs will be given in 
the subsequent sections. Assume that there exists < R < 1 such that 
Br C f2. Hereafter B r denotes an open ball of radius r > centered at the 
origin. 

Theorem 1.1 There exists a positive number R < 1, depending only on 
n,M ,5 , such that if < R 1 < R 2 < R 3 < R and Ri/R 3 < R2/R3 < R, 
then 

/ r \ T / r \ i~ T 

|2 J™ ^ r* l I l„.|2 \ l„.|2. 



\u\ 2 dx<C / \u\ 2 dx\ / \u\ 2 dx) (1.6) 

\x\<R 2 \J\x\KRi J \J\x\<R 3 J 

for u G HI oc (Br ) satisfying (11.21) in Br , where the constant C depends 
on R2/R3, n, M ,5o, and < r < 1 depends on R1/R3, R2/R3, n,M ,5o. 
Moreover, for fixed R2 and R3, the exponent r behaves like l/(— logi?i) when 
R\ is sufficiently small. 

Remark 1.2 We would like to emphasize that C is independent of Ri and 
r has the asymptotic (— logi?i) _1 . These facts are crucial in deriving an 
vanishing order of a nontrivial u to (jl.ip . Due to the behavior of r, the 
three-ball inequality is called optimal j8]. 



3 



Theorem 1.3 Let u G H 1 ^) be a nontrivial solution of (11.21) . then there 
exist positive constants K and m, depending on n, M , 5q and u, such that 



u\ 2 dx > KR m (1.7) 



\x\<R 



for all R sufficiently small. 



Remark 1.4 Based on Theorem the constants K and m in ( I1.7P are 

explicitly given by 

K = I \u\ 2 dx 

J \x\<R 3 

and 

A, ff\x\<R-J U \ 2dx \ 

m = C\og[ -jM — — - , 

K )\x\<R.M dxJ 

where C is a positive constant depending on n, Mo, Sq and R2/R3. 



2 Carleman estimates 

In this section, we will derive two Carleman estimates. The first one is 
taken from [14]. Denote (fp = (pp(x) = exp(— f3i]){x)), where (3 > and 
ip(x) = log \x\ + log ((log |x|) 2 ). Note that cpp is less singular than |x| _/3 , For 
simplicity, we denote ip(t) = t + logt 2 , i.e., ip(x) = ip(log \x\). From now on, 
the notation X < Y or X > Y means that X < CY or X > CY with some 
constant C depending only on n. 

Lemma 2.1 [141 Lemma 2.1] There exist a sufficiently small r > depend- 
ing on n and a sufficiently large (5q > 1 depending on n such that for all 
u G U ro and (3 > /3 , we have that 

(3 J V l{\og\x\)- 2 \x\~ n {\x\ 2 \Vu\ 2 + \u\ 2 )dx < J ^|x|-"|x| 4 |AM| 2 rfx, (2.1) 

where U ro = {m6 C£° (R n \ {0}) : supp(w) C B ro }. 

To prove the second Carleman estimate, we need some preparations. 
Firstly, we introduce polar coordinates in M n \{0} by setting x = ru, with 



4 



r = \x\, uj = (co>i, • • ■ ,u n ) G S n 1 . Using new coordinate t = logr, we can 
see that 

d 

— = e- t (u j d t + n j ), l<j<n, 

where flj is a vector field in S 1 ™ -1 . We could check that the vector fields flj 
satisfy 

n n 

ujjQj = and ^j^j = n — 1. 

3=1 3=1 

Since r — ^ iff t — ^ — oo, we are mainly interested in values of t near — oo. 
It is easy to see that 



& 
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e (iOjd t — oo j + Vtj)(ujid t + f^), 1 < j, £ < n. 



dxjdxe 

and, therefore, the Laplacian becomes 

e 2t A = d 2 +{n- 2)d t + 

where = £" =1 0| denotes the Laplace-Beltrami operator on S n ~ l . We 
recall that the eigenvalues of — A w are + n — 2), k G N, and the corre- 
sponding eigenspaces are E^, where Ek is the space of spherical harmonics 
of degree k. Let 

/(n-2) 2 ~~ 

then A is an elliptic first-order positive pseudodifferential operator in L 2 (S n ~ 1 ) 
The eigenvalues of A are k + and the corresponding eigenspaces are E^ 
which represents the space of spherical harmonics of degree k. Hence 

n — 2 

A = T<k>o(k H — )ir k , (2.2) 

where tt^ is the orthogonal projector on E^. Denote 

L ± = d t + ± A. 

2 

Then it follows that 

e 2t A = L + L- = L-L + . 
We first recall a Carleman estimate proved in [TJ1 Lemma 2.2]. 
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Lemma 2.2 There exists a sufficiently small number to < depending on n 
such that for all u G V to , f3 > 1, we have that 

/5 1 - 2{j+|Q|) J I t- 2 ^l\din a u\ 2 dtduo < JJ ^l\L-u\ 2 dtdu, (2.3) 

j+|a|<i 

where V to = {u{t,u) G C °°((-oo, t ) x S^ 1 )}. 

Next, we need an auxiliary Carleman estimate. 

Lemma 2.3 There exists a sufficiently small number t\ < —2 depending on 
n such that for all u G V tl , g = (go,9i,- •• ,g n ) G (y tl ) n+1 and (3 > 1, we 
have that 



P 



fj^\u\ 2 dtdu;< JJ V 2 (\L+u + d t g + J2Q jgj \ 2 + P\\g\\ 2 )dtdLU. (2.4) 

.7=1 



Proof. We shall prove this lemma following the lines of [T6l Lemma 2.2]. By 
defining u = e^^v and g = e^^'h, (12.41) is equivalent to 



P 



J J \v\ 2 dtdu< JJilL+v+idt + p^ho + ^njh^ + pllhll^dtduj, (2.5) 



where Ltv = e ^^L + (e^Wu) and h = (ho, - ■■ ,h n ). By direct computa- 
tions, we obtain that 

n 
3=1 

= d t v + (3v + 2(3r l v + ( n ~ 2 K + Av + (d t + p^')h Q + ^ Sljhj 

3=1 

n 

= Tpv + 2pt- 1 v + (d t + f3ij')ho + J2 n 3 h 3 ( 2 - 6 ) 

3=1 

with Tpv = d t v + f3v + v + Av. 

For v G Cg°(R x S 71 ^ 1 ), we denote v its Fourier transformation with 
respect to t, then it follows from (I2.2p that 

POO 

T p v(t,u) = (2tt)- 1 ^ / e iat (ia + P + k + n - 2)ir k v(a,u)da. (2.7) 



k>0 



oo 
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It is easily seen that Tp is invertible whose inverse is given by 

/CO 
e iat (ia + (3 + k + n- 2)- 1 n k v(a, uj)da. (2.8) 

From (12. 7p . (12. 8p and Plancherel's theorem, we have for u G ^(RxS"" 1 ) 
that 

(2.9) 

\\ T /3 (J2j+\ a \<l ^^ a ^)IU 2 (Rx5™- 1 ) ^ IMIz^RxS"- 1 )- 

Combining 02.61) and 02.91) . we get that 

n 

\\L+v + (d t + (3ip')h + ^2^ j h j \\ L 2 {RxS n-i ) 

n 

= \\T p v + 2/3r 1 u + + /Wo + J^AIU 2 (RxS«-i) 

ii 

n 

> /3|M|l2 ( rxs™-i) - /3||I>- 1 (2 / 9r 1 ^ + + A/>>o + IU 2 (Rx5-i) 

3=1 

> /5||w||l2(rx5™- 1 ) - 2^||t _1 i;I| i 2 (RXjS .„-i) 

> ^MI^RxS^-C^II/lll^RxS-!). (2.10) 

In deriving fl 2 . 1 j) . we have used the fact that v G Vt 1 with t± < —2. Now 
dividing y/j3 on both sides of (I2.10p and squaring the new inequality, we have 
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that 

(3 I I \v\ 2 dtduj 



< 



/ 1 (3-\\Lp + (dt + W)h + ^n ] h j \ 2 + p 2 \\hf)dtdu 
J J j= i 



< // (\L+v+(d t + W')h + J2 Q M+P\\ h \\ 2 ) dtduJ - ( 2 - n ) 
J J j= i 

The proof is complete. □ 

Now we are ready to prove our second Carleman estimate. 

Lemma 2.4 There exist a sufficiently small number r\ > depending on 
n and a sufficiently large number j3\ > 3 depending on n such that for all 
w G U n and f = (fx, • • • , f n ) G (U n ) n , (3 > Pi, we have that 

J <^(l g|x|) 2 (|x| 4 - n |VH 2 + \x\ 2 - n \w\ 2 )dx 
< J ^(log|x|) 4 |xr" n [(krA W + |x|di V /) 2 + /5||/|| 2 ]rfx, (2.12) 
where U ri is defined as in Lemma \2.1[ 

Proof. Replacing f3 by (3 + 2 in (12. 12ft . we see that it suffices to prove 

<^(log |a;|)" 2 (|x| 2 |Vu;| 2 + \w\ 2 )\x\~ n dx 



< 



^[{\x\ 2 &w +\x\divfY + mV\\A- n dx. (2.13) 



Working in polar coordinates and using the relation e 2 *A = L + L , ( 12. 131) is 
equivalent to 



II t- 2 <pl\din a w\ 2 dtduj 

j+H<i 

„ „ n n 

< J J ^(|^ + ^-^ + ^(5^^-/,-) + ^n,^! 2 + /3]|/|| 2 )^^.(2.14) 



j=i j=i 
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Applying Lemma [231 to u = L w and g = (J2]=i ^jfj, fi,-- , fn) yields 
P JJ \p 2 p\L~w\ 2 dtduj 

„ „ n n 

J J 3=1 3=1 

Now (I2.14p is an easy consequence of (12. 3p and (12.151) . □ 



3 Proof of Theorem 11.11 and Theorem 11.3 



This section is devoted to the proofs of Theorem 11.11 and 11.31 To begin, we 
state an interior estimate for the Lame system (11.21) . For fixed < a\ < 
a 2 < 04, there exists a constant C such that 

/ \\x\^D a u\ 2 dx<C j \u\ 2 dx, \a\<2 (3.1) 

J air<\x\<a,2r J a^r<\x\<a4r 

for all sufficiently small r. Estimate (13. ip can be proved by repeating the 
arguments of Corollary 17.1.4 in [TU]. Plugging p = divu in (13. ip yields 



al+1 D a p\ 2 dx <C j \u\ 2 dx, \a\ < 1. (3.2) 



/ I \ X 

J air<\x\<a,2r J a^r<\x\<a4T 



To proceed the proof, let us first consider the case where < R\ < R 2 < 
R < Rq. The constant R will be determined later. Since u e i7^ c (S^ ), 
the elliptic regularity theorem for (11.21) implies u G Hf oc (BR Q ). Therefore, 
to use estimate (12. ip . we simply cut-off u. So let x{ x ) e Co°(M n ) satisfy 
< x( x ) — 1 an d 







\x\ < Ri/e, 


X(x) = < 




Ri/2 < \x\ < eR 2} 






\x\ > 3R 2 , 



where e = exp(l). We first choose a small R such that R < min{r , ri}/3 = 
R , where r and r± are constants appeared in (12.11) and (I2.12p . Hence R 
depends on n. It is easy to see that for any multiindex a 

\D a X \ = 0(Ri H ) for all Rje < \x\ < R x /2 
\D a X \ = 0(R 2 H ) for all eR 2 < \x\ < 3R 2 . ( ' ) " > 
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Applying (12.11) to x u gives 



Ctf J{\og\x\)~ 2 V l\x\- n {\x\ 2 \V{xu)\ 2 +\xu\ 2 )dx< J ^l\x\- n \x\ A \A{ X u)\ 2 dx. 

(3.4) 

From now on, Ci,C%,--- denote general constants whose dependence will 
be specified whenever necessary. Next we want to apply (12.121) to w = XP 
and / = l^lxCr. Since u € Hf oc and p = divu G H} oc) in view of the second 
equation of (11.51) . by the standard limiting argument, (12. 12|) holds true for 
(w, f) above. Thus, we get that 



< 



C 2 j ^(\og\x\y(\xr n \V( X p)\ 2 + \x\ 2 - n \xp\ 2 )dx 

J ^(log|x|) 4 |x| 2 - n [|x| 2 A( XP ) + \x\&v{\x\ X G)] 2 dx 

+(3 [ ^(loglxDVMlMxGII 2 ^. (3.5) 



Combining (13.41) and (13.51) . we obtain that 



(3 / (\og\x\)- 2 <pf,\x\- n (\x\ 2 \Vu\ 2 + \u\ 2 )dx 

J R 1 /2<\x\<eR 2 



+ f (log \x\) 2 <pl\x\- n (\x\ 4 \Vp\ 2 + \x\ 2 \p\ 2 )dx 

J Ri/2<\x\<eR 2 

< (3 [ cpl(\og\x\)- 2 \x\- n (\x\ 2 X7( X u)\ 2 + \xu\ 2 )dx 



+ y(iog|x|)V?N- n (kl 4 |v( X p)r + |x| 2 |xp| 2 )^ 

< C 3 J ^ 2 |x|-"|x| 4 |A( X n)| 2 dx 

+C 3 / (log|x|)V?kr n [k| 3 A(xp) + \x\ 2 div(\x\ X G)] 2 dx 



+(3C 3 j (\og\x\)Vp\x\- n \\\x\ 2 xG\\ 2 dx. (3.6) 
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By ( II. ip . (jl.5p . and estimates (13.31) . we deduce from (13. 6p that 



(3 [ (\og\x\y 2 ^\x\- n (\x\ 2 \Vu\ 2 + \u\ 2 )dx 

J R 1 /2<\x\<eR 2 

+ [ (log \x\) 2 v 2 \x\- n (\x\ 4 \Vp\ 2 + \x\ 2 \p\ 2 )dx 

JR 1 /2<\x\<eR 2 

< cA ^|x|- n |x| 4 (|Vw| 2 + \\7p\ 2 )dx 

J Ri/2<\x\<eR 2 

+C 4 / (\og\x\f\x\ 2 ^l\x\- n {\x\ A \Vu\ 2 + \x\ 4 \Vp\ 2 )dx 

J R 1 /2<\x\<eR 2 

+C 4 /3 / {\og\x\Y\x\ 2 ^}\x\- n \x\ 2 \Vu\ 2 dx 

JR 1 /2<\x\<eR 2 

+C 4 / {\og\x\)^l\x\~ n \U{x)\ 2 dx 

J {Ri/e<\x\<R 1 /2}Vj{eR 2 <\x\<^R 2 } 

+Cif3 [ (io g |xi)v^r n it>^)r^, (3.7) 

J {R 1 /e<\x\<R 1 /2}U{eR 2 <\x\<3R 2 } 

where |C/(x)| 2 = |x| 4 |Vp| 2 + |a;| 2 |p| 2 + |x| 2 |VM| 2 + |u| 2 and the positive constant 
C4 only depends on n, M , <5o- 

Now letting R small enough, say R < R\, such that 2C 4l (\og(eR)) 6 (eR) 2 < 
1 and (log(ei?)) 2 > 2C4, then the first three terms on the right hand side 
of (13. 7p can be absorbed by the left hand side of (13.71) . Also, it is easy to 
check that there exists R 2 > 0, depending on n, such that for all (3 > 0, both 
(log |x|)~ 2 |a;|~ n ^(|x|) and (log |x|) 4 |x| — "(^^(|a;|) are decreasing functions in 
< \x\ < i?2- So we choose a small R < R3, where R% = min{i? 2 /3, Ri, Ro}. 
It is clear that R3 depends on n, M , <5 . With the choices described above, 
we obtain from (13.71) that 
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R^ (log R 2 )- 2 <p 2 (R 2 ) [ \u\ 2 dx 

JRl/2<\x\<R 2 

(log ipg\x\~ n \u\ 2 dx 

'2<\x\<eR 2 

< C 5 [ (\og\x\f V l\x\- n \U\ 2 dx 

J {R 1 /e<\x\<R 1 /2}U{eR 2 <\x\< , iR2} 

< C 5 (log( J R 1 /e)) 4 (i? 1 /e)->J(i? 1 /e) / \U\ 2 dx 

J{R 1 /e<\x\<R 1 /2} 

+C 5 (log(eR 2 )) 4 (eR 2 )- n ^(eR 2 ) [ \U\ 2 dx. (3.8) 

J {eR, 2 <\x\<3R 2 } 

It follows from (J3HD and (JH2D that 



^-^-"(log^)- 4 ^ 2 / \u\ 2 dx 

J R!/2<\x\<R 2 



< CiXog^/emRjeY^Rje) / \u\ 2 dx 

'{Ril^<\x\<Ri} 



+C 6 (\og(eR 2 )) 4 (eR 2 )~ n ipl(eR 2 ) [ \u\ 2 dx 

J {2R 2 <\x\<m 2 } 

= C^og^/e))-^ 4 ^^)- 2 ^ [ \u\ 2 dx 

J{Rx/A<\x\<Ri} 

+C 6 (\og(eR 2 ))-^ +4 (eR 2 )- 2 ^ n [ \u\ 2 dx. (3.9) 

J {2R 2 <\x\<iR 2 } 

Replacing 2/3 + n by (3, (I3.9P becomes 

^(log^)- 2 ^ 2 "" 2 / \u\ 2 dx 

J Rx/2<\x\<R 2 

< C 7 (log( J Ri/e))- 2/3+2n+4 ( J R 1 /e)- /3 / \u\ 2 dx 

J{Rx/4<\x\<Ri} 

+C 7 (\og(eR 2 ))~ 2(3+2n+4 (eR 2 )-P [ \u\ 2 dx. (3.10) 

J {2R 2 <\x\<iR 2 } 

Dividing ^(log^)- 2 ^ 2 ™" 2 on the both sides of fl3TTU|) and if (3 > n + 2, 
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we have that 

\u\ 2 dx 



/ 

JR 1 /2<\x\- _ 

< C s {\ogR 2 f{eR 2 /R l f f \u\ 2 dx 

■/{iil/4<|a:|<Ri} 

+C 8 (logi? 2 ) 6 (l/e) /3 [(log J R 2 /log(e J R 2 )) 2 ]^ 2 f W\ 2 dx 

J {2R 2 <\x\<4R 2 } 

< C 8 (\ogR 2 ) 6 (eR 2 /R 1 f f \u\ 2 dx 

J {Ri/4<\x\<R!} 

+C 8 (lo gj R 2 ) 6 (4/5f f \u\ 2 dx. (3.11) 

In deriving the second inequality above, we use the fact that 

log R 2 

- — —— 1 as R 2 -> 0, 
log(ei? 2 ) 

and thus 

1 log #2 ^ 4 
e log(ei? 2 ) 5 

for all R 2 < -R4, where -R4 is sufficiently small. We now take R = min{i? 3 , i? 4 }, 
which depends on n, M , 5 . 

Adding L x \ <Rl i 2 \u\ 2 dx to both sides of (13.111) leads to 

\u\ 2 dx < C 9 {\ogR 2 f{eR 2 /R l f [ \u\ 2 dx 

x\<R 2 J\x\<Ri 



-C , 9 (logi? 2 ) 6 (4/5) /3 f \u\ 2 dx. (3.12) 

J\x\<l 



It should be noted that (13. 12ft holds for all (3 > [3 with (3 depending only on 
n, M ,5o- For simplicity, by denoting 

E(R U R 2 ) = \og(eR 2 /R 1 ), B = log(5/4), 

(I3.12p becomes 

\u\ 2 dx 



x\<R 2 



< C 9 (\ogR 2 ) e \exp(Ef3) [ \u\ 2 dx + exp(-Bp) [ \u\ 2 dx\. 

[ - J\x\<Ri J\x\<\ ' 



(3.13) 
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To further simplify the terms on the right hand side of (I3.13p . we consider 
two cases. If f \u\ 2 dx ^ and 

J\x\<Ri 1 1 ' 

exp (Eft) / \u\ 2 dx < exp (—Bft) / |w| 2 (ia;, 

J\x\<R 1 J\x\<l 

then we can pick a ft > ft such that 

exp (Eft) / \u\ 2 dx = exp (—Bft) / |w| 2 (ia;. 

J\x\<Ri J\x\<l 

Using such ft, we obtain from (I3.13P that 

\u\ 2 dx 

x\<R 2 



< 2C 9 (\ogR 2 ) 6 exp(Eft) [ \u\ 2 dx 

J\x\<R 1 



B E 
E+B f f \ E+B 



= 2C 9 (log J R 2 ) 6 / \u\ 2 dx) / \u\ 2 dx) . (3.14) 

\J\x\kR! J \J\x\<l J 

If J\ x \ <Rl \u\ 2 dx = 0, then letting ft — > oo in (13.131) we have J\ x \ <Ra \u\ 2 dx = 
as well. The three-ball inequality obviously holds. 
On the other hand, if 

exp (—Bft) / |m| 2 c?x < exp (Eft) / \u\ 2 dx, 

J\x\<l J\x\<Ri 



then we have 

\u\ 2 dx 



\x\<R. 2 



B E 
, E+B f f \ E+B 

2 , 



< ( / \u\ z dx\ / \u\ z dx 

\x\<l J \J\x\<l 



B E 
E+B If \ E+B 



< exp (Bft) / \u\ 2 dx\ / |«| 2 cia; . (3.15) 

\J\x\<R 1 J \J\x\<l J 

Putting together (13. 14ft . (13.151) . and setting C w = max{2C 9 (logi? 2 ) 6 , exp (ftlog 
we arrive at 

r ft \ eTb / f \ eTb 

/ \u\ 2 dx < Cio ( / \u\ 2 dx / \u\ 2 dx . (3.16) 

J\x\<R 2 \J\x\KR! J \J\x\<l J 
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It is readily seen that ~ (l°g(l/-fti)) _1 when R\ tends to 0. 

Now for the general case, we consider < R\ < R 2 < R 3 < 1 with 
R1/R3 < R2/R3 < R, where R is given as above. By scaling, i.e. defining 
u(y) := u(R 3 y), X(y) := X(R 3 y) and fi(y) = fi(R 3 y), (|3.16|) becomes 



\u(y)\ 2 dy < C u ( \u(y)\ 2 dyY( \u(y)\'dyf-\ (3.17) 

\y\<R 2 /R 3 J\y\<R 1 /R 3 J\v\<l 

where 

r = B/[E(R 1 /R 3 ,R 2 /R 3 ) + B], 

C n = max{2C 9 (logi? 2 /i?3) 6 ,exp (/31og(5/4))}. 

Note that Cn is independent of R\. Restoring the variable x = R 3 y in (13. 17ft 
gives 

I \u\ 2 dx<C u {[ \u\ 2 dx) T {( \u\ 2 dxy- T . 

J\x\<R 2 J\x\<R 1 J\x\<R 3 

The proof of Theorem 11.11 is complete. 

We now turn to the proof of Theorem 11.31 We fix R2, R 3 in Theorem ll.il 
and define 



u(x) := u(x) / a / |w| 2 ofe. 

V J\x\<R 2 

Note that fi x t <R2 \u\ 2 dx = 1. From the three-ball inequality (11.21) . we have 
that 

1 < C{ I \u\ 2 dx) T { [ \u\ 2 dx) l - T . (3.18) 



J\x\<R-l J\x\<R 3 

Raising both sides by 1/r yields that 

f \u\ 2 dx < ( / \u\ 2 dx)(C [ \u\ 2 dx) 1/T . (3.19) 

J\x\<R 3 J\x\<R 1 J\x\<R 3 

In view of the formula for r, we can deduce from (I3.19P that 

I \u\ 2 dx < ( f \u\ 2 dx)(l/Rif log{f M<*3 ^ dx \ (3.20) 

J\x\<R 3 J\x\<Ri 

where C is a positive constant depending on n, M ,5 and R 2 /R 3 . Conse- 
quently, (13.201) is equivalent to 

( / \u\ 2 dx)R™ < [ \u\ 2 dx 

J\x\<Rz J\x\<Ri 
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for all Ri sufficiently small, where 



rl\ \<r \ u \ 2dx 



\<R2 

We now end the proof of Theorem 11.31 
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